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Abstract Inthe present paper, we consider an approx-
imate approach for predicting the responses of the
quasi-integrable Hamiltonian system with multi-time-
delayed feedback control under combined Gaussian
and Poisson white noise excitations. Two-step approx-
imation is taken here to obtain the responses of such
system. First, based on the property of the system
solution, the time-delayed system state variables are
approximated by using the system state variables with-
out time delay. After this approximation, the system is
converted to the one without time delay but with delay
time as parameters. Then, stochastic averaging method
for quasi-integrable Hamiltonian system under com-
bined Gaussian and Poisson white noises is applied to
simplify the converted system to obtain the averaged
stochastic integro-differential equations and general-
ized Fokker—Planck—Kolmogorov equations for both
non-resonant and resonant cases. Finally, two exam-
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ples are worked out to show the detailed procedure of
proposed method for the illustrative purpose. And the
influences of the time delay on the responses of the
systems are also discussed. In addition, the validity of
the results obtained by present method is verified by
Monte Carlo simulation.
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Gaussian and Poisson white noise excitations -
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1 Introduction

In the last few decades, the dynamic and control prob-
lems for time-delayed systems have attracted many
researchers’ attention, and many results have been
obtained [1,2]. It is shown that the time delay in the
system usually leads to poor performance and com-
plicated dynamics in control systems and even causes
the occurrence of some dynamical phenomena, such as
bifurcation and chaos [3].

Among the time-delayed systems, the systems with
time delay in feedback control force are an important
category. In practice, this time delay may be caused
by measuring and estimating the system state, calcu-
lating and executing the control forces, etc. In past
few decades, the system with time delay subjected to
deterministic excitations have been studied extensively.
Many results can be found in Refs. [4-10]. However,
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since the existence of disturbance in the environment,
the stochastic excitation should be accounted in the sys-
tem. To improve the deterministic model, the stochastic
excitations are added to the time-delayed feedback con-
trol systems. So far, for the case of controlled system
under stochastic excitation, the results mainly focus on
the dynamics and optimal control problem of controlled
system under Gaussian white noise excitation [11-15].
In particular, in last decade, Zhu et al. have generalized
the stochastic averaging method to study of the systems
with time-delayed feedback control under stochastic
excitation. The stochastic response, stochastic stabil-
ity, stochastic reliability, and optimal control problem
for nonlinear system with different type of stochastic
excitation have been studied by using stochastic aver-
aging method [16-20].

In the previous studies, the stochastic excitation is
usually assumed to be stochastic continuous excita-
tion, such as Gaussian white noise. But, in real word,
the stochastic excitations are not always continuous.
In society, engineering problem, we usually face con-
tinuous and discrete stochastic excitation. This type of
stochastic excitation is usually modeled as the jump-
diffusion process or combined Gaussian and Poisson
white noise excitation. Until now, there are a number
of researchers working in this area. The stochastic cal-
culus, stochastic differential equations, and the stochas-
tic optimal control problem have been stated system-
atically in mathematics by Hanson [21] and @ksendal
[22]. Zhu et al. have studied the stochastic response and
the stochastic stability of the quasi-Hamiltonian sys-
tem under combined Gaussian white noise and Poisson
white noise excitation in terms of stochastic averaging
method [23-26]. However, to the authors’ knowledge,
the stochastic dynamics of system with time-delayed
feedback control have not been studied. In particular,
the prediction of response such system is still a prob-
lem.

In the present paper, we study a tool for predicting
the response of quasi-integrable Hamiltonian system
with multi-time-delayed feedback control under com-
bined Gaussian and Poisson white noise excitation. We
use two-step approximation to get the approximation
stationary solution. First, by approximating the system
state variables in terms of those without time delay,
the feedback control force can be expressed by using
the state variables without time delay. At this time, the
system with time-delayed variable is transformed to
the one without time-delayed system variables but with
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time delay as parameters. Then, the stochastic averag-
ing method for quasi-Hamiltonian system under com-
bined Gaussian and Poisson white noise excitation can
be applied to the converted system. The averaged gener-
alized Fokker—Planck—Kolmogorov (GFPK) equations
for both cases, the resonant and non-resonant case, are
obtained separately. After solving the averaged GFPK
equation, the probability density functions (PDFs) for
approximate stationary solution are derived. At last,
two examples are calculated for illustrating the applica-
tion of the proposed method. The Monte Carlo simula-
tion is carried out to show the effectiveness of proposed
method.

2 Quasi-integrable Hamiltonian systems with
time-delayed feedback control forces

Consider an n-degree-of-freedom (n-DOF) quasi-Ham-
iltonian system with multi-time-delayed feedback con-
trols under combined Gaussian and Poisson white noise
excitations. The equations of motion of system have
following form:

y, = 2
0i =35
LAY < oH'
P; = 90, & j;czj (QsP)apj

—&2F (Qzy, Pryy o, Qq Pry)

+e gk (Q.P)k (1)

k=1
+e Y hi (Q.P)& (1), ()

I=1

where Q = [Q1, 02, ..., Qn]T is a vector of gen-
eralized displacements and P = [Py, P, ..., P,,]T is
a vector of generalized momenta; ¢;; (Q, P) denote
differentiable functions representing coefficients of
quasi linear dampings; &2 F; (Q Py, ..., Qy Py
with Q;, = Q¢ — 1) and P, = P (¢t — 7,) repre-
sent multi-time-delayed feedback controls;gix (Q, P)
are twice differentiable functions representing ampli-
tudes of Gaussian random excitations; /4;; (Q, P) are
infinitely differentiable functions representing ampli-
tudes of Poisson random excitations; ¢ is a small posi-
tive parameter; ¢ (f) are Gaussian white noises with
zero mean and correlations functions E[¢x(2)¢(r +
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7)] = 2Dydé(T)(k, 1l = 1,...,ng); & (¢) are indepen-
dent Poisson white noises [27] with zero mean and
the formal derivatives of compound Poisson processes
G = YN YU @ —n),l = 1,...,n,, where
Nj(t) are homogeneous Poisson counting processes
with mean arrival rate A; > 0; U (-) is the unit step
function; {Y;} are independent identically distributed
random variables representing the impulse amplitudes,
which are independent of the pulse occurring time #.

It is known that the Hamiltonian associated with
Eq. (1) (for the case ¢ = 0) can be non-integrable,
integrable, and partially integrable [28]. In the present
paper, we assume the associated Hamiltonian system of
system (1) is integrable. It means that, there exit n inde-
pendent integrals of motion Hi, Hy, ..., H, which are
in involution in the associated Hamiltonian system.

For the integrable Hamiltonian system, the action-
angle variables I; and 6; can be introduced by using the
following canonical transformations [29]:

li=1i(qp, 6=0(@p,i=12,...,n
Then, the Hamiltonian system can be rewritten as fol-
lowing canonical form:

I = 8H(I)
T 06

. il
=0, 6= B_IiH(I) =w; (D),
where w; (I) are the frequencies of the system. An inte-
grable Hamiltonian system is called resonant or non-
resonant depending upon the number of the strong res-
onant relations of form
ki'w; =0,

u=1,2,...,a;i=1,2,...,n,

among the frequencies w; (I), where k' are integers
and not all zero for a fixed u and « is the number of
resonant relationships. If there is no resonant relation,
the system is called non-resonant. If there are n — 1
resonant relations, namely « = n — 1, the system is
called completely resonant. If the number of resonant
relation is between l andn — 1, namely | <o <n—1,
the system is called partially resonant.

This system can be modeled as the as Stratonovich
stochastic differential equations (SDEs) and then trans-
formed into 1t6 SDEs by adding the correction terms

for both Gaussian and Poisson white noise excitation
[23,24]:

oH'

do; = dr,
Q=35
oH' BH’
AP, = | —— —&2) ¢ QP
‘ 30, Z g
ad
+8222Dk18ﬂ Q.P) ==~ glk
k,l=1 j=1
— &2 F; (Qqy, Pryy o, Qg Pr) | dt
ng
+e Y o (Q.P)dBy (1)
k=1
i el ,
+Z Zj,hfz” Q.P)dCi ) |. @
=1 Jj= 1 '

, ani=V », |
wherehl(l/) QP =>", % sls h( '(Q.P) =

hit (Q. P) oik = ()it 8 = [8j],1xn, ,LLT = 2D.

The )7, Y0, j’,h(-[) (Q, P) (dC; (1)) are the cor-
rection terms for Poisson white noise excitations in
transforming from Stratonovich SDEs into 1t6 SDEs
. 2
paroposed by Di Paola [30]. The ¢ Zk?l:l Z?:l Duigiji
Sik
i
sian white noise excitations in transforming from
Stratonovich SDEs into It6 SDEs [31].
In the following parts, we consider two-step approx-

imation approach to derive the solution of the system.

are the Wong—Zakai correction terms for Gaus-

3 First step approximate

Further, when the Hamiltonian associated with system
(1) is assumed to separable and has the following form
[28]:

n
1
H'=) H (i pi), Hi = 5p} +G (@)
i=1
The time-delayed system state variables can be approx-
imated by [16]:

P; (1)
Qi (t — ) = Qi (1) cos (Wi Tr) — ——

P (t = 7)=P; (t) cos (w;T,)+ Qi () sin (wiT,)  (3)

Substituting Eq. (3) to Eq. (2), the force F; (Qf, P,
Q. rr) can be written as F; (Q,P; ) (t = [11, ...,

75]). Then, & Zkl 121 1 Drigji (Q, P) aglk _52Fi

sin (w; T,)
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(Q, P; 7) can be split into conservative part and dis-
sipated part [16]. These two parts can be combined

with — and —g2 Z 1¢ij (Q, P) g—g, respectively.
Equatlon(2) becomes following SIDE
ag; = My,
oP;
dP; = — OH o ZmlJ(Q P; ‘[)— dt
d Ql J
g
+& Y o (Q.P)dBs (1)
k=1

+> /Q yir (Q P, Y)Pr(de,dYp),  (4)
I=1 d

i=1,2,...,n

where yi (Q P, ¥) = Y72, 5 dnPQ,Py/, H =
H (Q, P, t)and & (dt, dY)) are Poisson random mea-
sures and Q; denote the Poisson mark spaces. Sup-
pose that system (4) is still integrable. And this system
is a quasi-integrable Hamiltonian system with param-
eter T but without time-delayed control force. Now,
the stochastic averaging method for quasi-integrable
Hamiltonian systems under combined Poisson and

Gaussian white noise can be applied to system (4).

4 Second-step approximation: the stochastic
averaging procedure

The stochastic averaging method for quasi-integrable
Hamiltonian systems under combined Gaussian and
Poisson white noise has been developed by the present
authors [23,24]. The dimension and form of averaged
equations depend upon the integrability and resonance
of associated Hamiltonian system. Thus, in the follow-
ing parts, the problem will be discussed in non-resonant
case and resonant case.

4.1 Non-resonant case

In this case, after introducing the canonical transfor-
mations of action-angle variables:

Ir:[V(Q7P)3 ®V:®I‘(Q1P)’r:132""7n

®)
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Then, the averaged GFPK equation is of the form [23]

ap n 9 1 n 32 _
g = _Z 81,, (Arl(I)p)-'-E Z a[rlalrz (Arqu"z(l)p)

1 " 33
N o A 1
3! Z a1y, 01,01,, ( rira.rs( )p)
ri,r2,r3=1 3
1 " au
4. 4 _1 u o
(=D u! Z 91,01, --- 01,
F1r2, ey =1
(A_rl,rz,...,ru (I)p) +0 (8u+1> , (6)

in which A,,. @D, A,,.,,j @D, A_ri,rj,rk (@) - - - are the coef-
ficients of the averaged GFPK equation which have
been given in “Appendix A”.

In Eq. (6), p = p(1, t|Ip), the transition probability
density of I = [Iy, I», ..., I,]7 with initial condition

p @ Olp) =5 T —1Io), )

or, p = p (I, t), the probability density of I with initial
condition

p@,0)=p o), ®)

depending on whether an initial state or an initial prob-
ability density is specified. For stationary situation, the
GFPK equation (6) is usually subjected to following
boundary conditions:

k

0
p(D|; ¢ = finite, lim p (I)=0, lim
" I,—00 I,—00

—p (D=0,
81,"‘0()

(€))

r=1,2,...,n; k=1,2,....

And it is also subjected to the normalization condition

00 poo 00
/ / / p(I)d11d12"'dIn =1. (10)
0 0 0

The exact analytical solution of reduced GFPK equa-
tion is very hard to obtain. Usually, the perturbation
method or finite difference method are used to get the
approximate stationary solution p (I) for the system.
Then, the corresponding joint probability density of
the generalized displacements and momenta can be
obtained from p (I) as follow [29]:

p,p)=pd o6 18]
(I)‘a(I 8) L ,m an
P @~ ey P

where |0 (I, ®)/0 (q, p)| is the absolute value of the
Jacobian determinant of the canonical transformations
fromq,ptol, ®.
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4.2 Resonant case

In this case, suppose that the integrable Hamiltonian
system associated with Eq. (4) is weakly resonant with
the following @ (1 < o < n — 1) resonant relations
kfwr=0(82), v=1,2,...,0;r=1,2,...,n.

(12)
By introducing the following combinations W, of angle
variables

Uy =k/®,, v=1,2,...,05r=1,2,...,n.  (13)
The following averaged GFPK equation [24] can be
obtained:

d 9o
5P = —rZ a7, (An 9) )

o

-2

v1=1

AI’H-U] 17
o ( @ W) p)
n 82

1 _
+ 5 Z m (Arl,rz () P)

ri,
n

r=

C o

A r I7

2 lzz Zl 31,181#,)1 1,4V ( 1") p)
o

+lz i

n+vy,n+v I
V1,02 81ﬂvlawvz ( 2( 1]’) p)

n

+Z< vy Yy

§=0 v1,v2,...,v5=1 ry 1,7 g=1

Cj 5/
jrtol, --- 81,1,_.?8%1 e 0y,
(Arsooorysmson sy (W) p)+0 (1)
(14)
where Ci = q,(m & and Ay L), Ay, L),

Ar @ 1|r) r.n+vy AL ) - - - are the coefficients of
the GFPK equation. And the detailed forms of the coef-
ficients are given in “Appendix B”.

In Eq. (14), p = p (L ¥, |Ip, ¥y) denotes the

transition probability density of [I,¥]” =
| ST A 1/ T wa]T with following initial con-
ditions:

P (L.0[To. W) =8 (L—1To) 8 (¥ — o) (15)
or p = p (I, ¥, 1) denotes the probability density of
(L, ¥]” with initial condition

Pl 0) = p (L) (16)

The averaged GFPK equation (14) is also subjected to
certain boundary conditions.

Considering the stationary situation, p = p (I, ¥) in
Eq. (14) is the stationary joint probability density . The

boundary condition with respect to I is
k

p = finite p — 0 and 7p—>0 as [, —» o0

A7)
ny; k=1,2,...

Since p (I, ¥) is a periodic function of ¥, it satisfies
the following periodic boundary condition with respect

to Yry:

r=1,...,

k ak

P
AV

Ply,+2n7= Ply, 4

RV

Yy+2nmw =

Yo

(18)
In addition, the following normalization condition is
also satisfied

00 oo 21 2
/ / / / p (L Ay - - -
0 0 0 0

dyedly ---dl, =1 (19)
Equation (17) implies that /. are reflecting bound-
ary. Usually, the same techniques for non-resonant are
applied here to get the approximated solution of the
averaged reduced GFPK Eq. (14). Then, the stationary
solution of averaged GPFK equation in terms of q and
p can be given as [29]
P =p@yop |0

d(q,p)
o (@, 91)

=pO1L W) p(, llf)'

_ @) o (I, 1|f, 61)

2m) 9(q. p)
where|d (I, ¥, 01)/9 (q, p)| is the absolute value of the
Jacobian determinant for the transformations from q, p
to I, 1!}, 0.

(20)

5 Two examples
5.1 Example 1

Consider a van der Pol oscillator with two time-delayed
feedback control subject to Poisson white noise exci-
tations. The equation of motion is

X +w?X — &2 (1 — X2> X = —¢&? (‘11Xr1 +a2Xr2)
+e§ (1) (21)

@ Springer
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where X;, = X (t — 71) and XQ =X (t — 1p) are sys-
tem variables with time delay; 82(11 and szaz are feed-
back control gains; 7| and t; are two delay times; & (¢)
is a combined Gaussian white noise and Poisson white
noise; ¢ is a small parameter.

Let X = Qand X = P (X, = Qy, and X, = Py,).
Thus, system (21) can be written as

O=P
P=—020+s (1 - Q2> P — &% (a1 Qs +arPr,)
+e£ (1) (22)

As state in the Sect. 3, the time-delayed system state
variables can be replaced approximately by using the
system state variables without time delay as following
forms:

O, = Qcos (0'11) — i/P sin (')
w
Py, = Qo' sin (0'12) + P cos (o' 12) (23)

Substituting Eq. (23) to Eq. (22), the following equa-
tions can be derived:

0=P
P =0t ) @+ [c (r1. ) - 0]
P+ £ (1) (24)
In which

o=w(t], 12)=\/a)/2+82 (a1 cos (w'T1) + az sin (0'12))
ay .
c=c(t,m)=1- (az cos (') — — sin (a)/tl))
)

Thus, the modified Hamiltonian system associated with
Eq. (24) is
P+ w?q?
2 9
By using the approximate procedure stated in Sects. 3

and 5 and ignoring the terms higher than 4, the follow-
ing reduced averaged GFPK equation can be obtained:

H=wl =

0= -2l p)+ 2L (A p)
al 2912
193 - 1 9% -
—gm(f\ﬂ[)l’)*‘ﬂm(f\ﬂ])l)) (25)
where

2 2D+ AE[Y?
AL = _287)12 +&2 (1, ) I 22D AE[]

20
,2D+AE[Y?] AE[Y?]

Ay (D) =¢ = Lic'—s (26)

@ Springer

4 4
As(I) = 543%[:]1; As (D) = 842%12
where p = p (I).
This reduced averaging GFPK equation (25) can be
solved by perturbation method. First, the solution is

assumed as following form:

P=po+epi+eiprt - (27)
in which po = po(I),p1 = p1(I),p2 = p2(I).
The details of perturbation procedure can be found in
“Appendix C”.

Further, the stationary probability density of dis-
placement and velocity of original system (21) is
plq,p)= % p (1)|l=(,,2+2,22q2) (28)
where ¢ = x, p = x. The marginal stationary probabil-
ity density and moments can be derived from p (g, p).

To see accuracy of the theoretical method, the sta-
tionary probability density for the response is calcu-
lated with system parameters: ¢ = 0.1, = 1.2, =
1.0, = 1.0,a1 = =3.0,a2 = 3.0,71 = 1.0, =
3.0,02=1.0,1 = 1.0, E[Y?] = 1.0. In Fig. la, the sta-
tionary response of displacement is given, and Fig. 1b
shows the stationary probability density of the velocity.
In these figures, the solid lines denote the theoretical
results and the discrete lines denote the Monte Carlo
simulation. It can be seen that the analytical results
agree well with those from Monte Carlo simulation.

Figures 2 and 3 show the influences of displace-
ment feedback controls and the velocity feedback con-
trol on the stationary probability density, respectively.
For these two cases, the value of parameters a; or a;
are assumed to be 0, successfully. In these figures, the
results obtained by using the proposed stochastic aver-
aging method agree well with those with Monte Carlo
simulation. It is seen in Fig. 2a, b that when the value
71 changes from 1 to 5, the number of peaks of PDF
changes from 1 to 2 (see Fig. 1). If we continue to
increase the value of 7; from 5 to 7, the number of
peaks of PDF changes from 2 to 1. The same phe-
nomena can be observed from Fig. 3a, b. This implies
that time-delayed feedback control force may cause the
phenomenological bifurcation.

5.2 Example 2

Consider two nonlinear damping oscillators coupled
by linear dampings and subject to both external exci-
tation of combined Gaussian and Poisson white noises

www.manaraa.
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(a) (b)
0.25
+  Monte Carlo [ o) ST SR - 4 Monte Carlo
Second-order second-order
N 0.18 F,\\ ,,,,,,,,,,,,,,
ol R R N R R | S R 0.16 £ X ,,,,,,,,,,,,,,
014 |t I N
AO'IS """"""" 012
S} o
k=t = 0.1
A 0.08
\ : 0.06
0.05 b 0.04
\\ 0.02
0="3 =2 a1 0 1 2 3 4 0 1 0 1 2 3
q p

Fig. 1 The marginal probability density function for the displacement and velocity

(3)0.45 (b)0.45

0.4 o PN od A s

0.35 7:'_—\ - 035 / \K o g
03 ' \} /o 03 rf \1 / /{/

v 0.25 £\

\
N VA
/J“ \

L
L
—e

s ]
-
]

1
£

(]
w

1
N

[
-
Nol—}
—
Nol—}

Fig. 2 Stationary marginal probability density of system (21) with displacement feedback. The parameters are: @’ = 1.0, = 0.1, a1 =
1.0,a =0.0,7, = 1.0, A =0.3, E[Y?] = 1.0,0% = 0.2

and 2-time-delayed feedback controls. The equations pendent Poisson white noises with zero mean and with
of motion of the system are of the form: Gaussian distribution of impulse strength A; E [Yl.z].
Also, Gaussian white noises are independent of Poisson

.. . . . 2
X1+ 11 +anXDHX + 21 X2 + 01Xy _ )
white noises.

=ur+e Q) +61(1), Let Q; = X;, Pi = X;. The time-delayed system
Xo+ 62021 +anX3)Xs + 2o X + w’%Xz state variables can be approximated in terms of those
=uy+e (0a(t) +E(®1)), (29) without time delay as
where o';, o', a;ij, Bi (i, j=1,2)are constants; & P
is small parameter; u; = —&? (nilXi,l + niinfz) =— Qir, = Qicoswit) — —: sinw’; 71
e (i Xi 1 —v) +nXi (t = 0)); GO G = 1,2) , >ioo
are two independent Gaussian white noises with small Piry = Picosw'imy + Qi sinw'irai = 1,2
intensities 2.Djj-(i-=ls2)iEin(in=ds2)-are, two inde- 30)
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Fig. 3 Stationary marginal probability density of system (21) with velocity feedback. The parameters are: @’ = 1.0,& = 0.1, a; =

0.0,a2=1.0,71=1.0,A=0.3, E[Y2] = 1.0,062=0.2

Thus, the modified system can be expressed as
dQp = Pidt,
dP; = — [a)%Ql +&2 (Olll +(x12P12) P+ 82,31 P2:| dr

+& (\/ZDlldBl(t) +/ Y, Pi(dt, dY])) ,
Qi

dQ; = Ppdt,
dP, = — I:w%Qz +&? (Olz] +0£22P22> P +82ﬂ2P1] dr

+& (\/ 2D>d By (1) + / Y, P>(dt, dY2)> R 3D
Q>

2 _ 2

where 0? = /7 + &2 (nj1 cos @i 71 + ;0 sinw'; ).
And the damplng coefficients «’;; become ;| = o';1 +
nizcosw'iTp — m sin @’; 1. The Hamiltonian associ-

ated with the modlﬁed system (31) is:

H = Zwi I, (32)
where
1
I = —(p}+wiqh), i=1,2. (33)
2(1),'
And the corresponding angle variables are
®; = — arctan (i> L i=12. (34)
w;gi

The system (31) is a quasi-integrable Hamiltonian sys-
tem. Thus, in the following part, we will discuss the
response of the system in non-resonant and resonant

Ol LN Zyl_i.lbl

In non-resonant case, where rwy + sw> £~ 0,r,s
are integers, neglecting the terms of higher order than
fourth order the averaged GFPK equation is

d
5P = __(Al (11, ) p) — —(Az (I, 1) p)
82
A 1, I
2'812( 1,1 (1, 12) p)

- BZ(A (I, 1) p)
2!3122 22Uy, 12) p

Lo (A1 (I, k) p)
S aaannr L 2)p
3191

193

T 813(A222(11’ 1) p)
o o (A (11, h) p)
T a\An11 Uy, 12) p
4191

4

A I, I 35
4'812( 22,22 (I1, Io) p). (35)

where p = p (I1, I) and the coefficients of the aver-
aged GFPK equation are
Ay (11, )

2
+ (2D11 + AIE[Y12]> ,
2w

3
= —820[1111 — 5820(120)1]12

i 2 3, 2
Ax (I, ) = —€"az1r — ¢ aywl;
L2 (2022 + A E[Y2 ]) , (36)
2w
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Fig. 4 Stationary marginal probability densities with both displacement and velocity feedback control in non-resonant case

2 s

_ e 3e . -

A )= o (2D11 + AIE[YIZ]> I - th[Yg‘]IZZ, otherwise : Ay, . rere (11, 1)
2

4

€ - =0. 39
+ L EIYH, Aan (. 1) &9
Ron

The averaged GFPK equation (35) can be solved
by using the perturbation method. After getting the
approximate stationary solution p(Iy, 1), the approxi-

2
=2 (2022 + sz[yg]) L
)

4 mate stationary probability density of the displacement

€ 4
+m)‘2E [¥>1; and velocities of original system (29) is then obtained
2
L _ 1
otherwise : A, ,, (I1, 1) =0, (37) p(q1, p1, @2, p2) = o pd1, 12)|1i=(1’,~2+wi2‘1,~2)/(2w,-2)'
_ 384 _
A1 (I, ) = mME[Yf‘]Il, Aron (I, Ip) (40)
364 ! where g1 = x1, p1 = X1,q2 = x2,p2 = X3. The
- iz A2 E[Y24] I, otherwise : Arl,rz,rs (I1, I,)=0, marginal stationary probability density and moments
) can be obtained from p(q1, p1, g2, p2)-

(38) In order to see the accuracy of proposed method, the
responses of system are calculated for the parameter
e=01,01 =100, = 1414,a'1; = —6.0, 012 =

_ 354 _
A1 UL D) = ﬁME[Yf]IIZ, Axn20 (11, )
1

o AfLib]

www.manaraa.




2720

W. Jia et al.

Wi

p(qz; p2)

P2 5 5 op)

Fig. 5 Stationary joint probability densities p (g, p1) and
p (g2, p2) of system with both displacement and velocity feed-
back control in non-resonant case. a, ¢ Analytical results and b,

1.0, Ol/21 = —6.0, ooy = 1.0, ,31 = 1.0, ﬂz = 1.0, ni =
—4.0,n12=4.0,n21=—4.0,12=4.0,71 =10, 10 =
2.0,2Dy; = 1.0, = 04, E[Y}] = 2.5,2Dp =
1.0, 2, = 0.4, E[Y22] = 2.5. The stationary marginal
probability density functions for displacements ¢; and
the velocity p; are given in Fig. 4. In this figure, the
discrete point lines denote the Monte Carlo simulation
and the solid lines denote the analytical solutions. Also,
the joint probability density functions for displacement
and velocity are given in Fig. 5. Shown in Fig. 5a, c are
the analytical results and shown in Fig. 5b, d are the
results from the Monte Carlo simulation. It can be seen
that the analytical results agree well with the Monte
Carlo simulation.

In order to see the influence of the 7y, the prob-
ability density function of p (q1) for different values
of 11 is calculated. The results for the system with
time-delayed feedback control forces compared with
those without time-delayed feedback control force are

@ Springer

(d)

0.1 -

0.05 4-

p(pz; g2)

p2 55 02

d are results from the Monte Carlo simulation. The parameters
are the same as those in Fig. 4.

given in Fig. 6a—d. In these figures, the blue lines rep-
resent results of system with time-delayed feedback
control forces, and the red ones denote the results of
system without time-delayed control forces. It can be
seen that, with the increment of the value of 7y, the
number of peaks of PDFs of stationary response g1 of
system with time-delayed control force changes from
1 to 2, which implies the phenomenological bifurca-
tion occurs. Also, it can be seen that the PDFs of the
uncontrolled system remain unchanged, since the van-
ishing of controlled force term. In these figures, the
solid lines denote the theoretical results and the dis-
crete lines denote the Monte Carlo simulation. The
two results agree well with each other. The system
parameters are given as ¢ = 0.1, 0’| = 1.0,0/r =
1.414,0'1; = =3.0,a12 = 8.0,a’2; = —=3.0,an
8.0, 81 = 1.0, 82 = 1.0, n11 = —=3.0,n12 = 3.0, 21 =
—3.0,m2 = 3.0, = 4.0,2D;; = 1.0,A =
0.1, E[Y?1=10.0,2D2 = 1.0, A2 = 1.0, E[Y] = 10.
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Fig. 6 The influence of 7| on the stationary marginal probability density of displacement ¢;. The solid lines in this figure are the results
from proposed method. The dotted lines in this figure are the results from Monte Carlo simulation

In primary internal resonance, i.e., ®| = wr=w.
Introduce the combination of angle variables =61 —6,.
Thus, the averaged GFPK equation in this case has fol-
lowing form:

d - 9 (x
0=~ (A1 b9) p) = - (A2 (. 1) p)

fJ(A3(h,h,W)p)

1 9% -

EF (Al,l (11, IZ& I)[/) p)
l
2

s 5 (A2 (I, Lo y) p)
2
2

2992

133
——— (A1 U1, L. Y) p)

Ol Ll ‘”LlLI

(A33(I1, L. ¥) p)

3
13 -
_58? (A222 (I, . ¥) p)
1 93
S 31ayl
4
4'314
1 a*
4; ol 4 (
4
4'a¢4
+6 a*
4191%0y2
+6 9%
419139y2

(43353 (I, 1. ) p)
(A Un o) p)
Azpo2 (I, I, ¥) p)
(A3333 11, D, ¥) p)
(A1133 U1 1Y) p)
(A2233 (I L. ) p) (41

where p = p (11, I, ¥) and the coefficients for the
GFPK equation are
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Fig. 7 Stationary joint probability densities p (q1, p1) and p (g2, p2) of system in resonant case. a ,c¢ analytical results and b, d results
from the Monte Carlo simulation

- 3 2 2 2
Al=_82a1111_582a120)1112_82ﬂ1 /1112COS1// A33=8_(2D11+)\41E[Y1]+2D22+)\42E[Y2])
’ 4w I I
2 2
2D + M E[Y
+2 UL 4 (MEYH  MmEYH
20 o (2 2D (43)
Ay = —82a2112 — 5820{22602122 — 82,32\/ 111> cos 1 2
62 (2D + M E[Y2]) otherwise : Ar,.r, =0

+

- 3t ME[Y - 3¢* MEYS]

20 A I A
L1, =— 15 A2 =— 2;
iz g2 B [ B |11 . 2 w? 2 ?
S R AR A R d A333=0 (44)

(42) otherwise : Ay, r,.r5 =0,

_ 2 (2Dy1 + M E[Y])

A= I _ 3¢t
b » ! A= S IMEN;
e*ME[Y] 4
Tt n 3e" o 4
4?2 Axpon = Z_w212)‘2E[Y2];
2 2 4 4
_ 2D ME[Y.
A2’2 _ & ( 2+ A E[ 2]) b+ e )LZE[Yz]; 34 )»1E[Y14] i)\'ZE[Y;]

A3333=

w 4¢?
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Fig. 8 Stationary marginal probability density functions of ¢; and p; in resonant case. The parameters are the same as those in Fig. 7.

A1133= ?klE[Yl 1; Axp33 = 7)‘2E[Y2] (45)

otherwise : A, , r3.ry = 0.

The reduced GFPK equation (41) here cannot be
solved theoretically. The finite difference method is
used here to solve the reduced averaged GFPK equa-
tion [32,33]. In our calculations, the finite difference
method is work out with following discrete steps:
AL =0.1, AL =0.1, Ay =27 /70.

After obtaining the stationary solution p (11, Iz, V),
the approximate stationary probability density of the
displacements and momenta of system (29) is of the
form

1
p(q1, P1,q2, p2) = Ep(h, L, V). (46)

where ¢ = 01 — 02, q1 = X1, p1 = X1,q2 = X2, p2 =
x7.The other statistics of the stationary response of sys-

tem (29) can then be obtained from p (Iy, I, ) or

p(q1, p1.q2, p2).
Figures 7 and 8 show some numerical results which

are calculated for parameters: o'y} = —6.0, 012 =
3.0,81=1.0,a'51 = —6.0,a20 =3.0, 8, = 1.0, 111 =
—-3.0,n12 = 3.0, = =3.0,mn = 3.0,0; =

1.0,02 = 1.0, = 0.1, 11=1.0,72 = 3.0,2D1; =
1.5,2Dy = 15,0 = 25 E[Y}] = 02, =
2.5, E[Y22] = 0.2. Shown in Fig. 7 are the stationary
joint probability density functions of system (29) in res-
onant case. Figure 7a ,c shows the results obtained by
proposed method. Figure 7b, d shows the results from
Monte Carlo simulation. Figure 8 shows the station-
ary marginal density functions of ¢; and p; which can
be obtained by integrating p (gi, pi). In this figure, the
solid lines are the result obtained from the proposed
method while the dotted lines are those from Monte
Carlo simulation. It is seen from these figures that the

@ Springer
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Fig.9 The influence of t; on the stationary marginal probability
density of displacementg;. a1 =0, =2;b11=1,10=2;¢
71 =2,7 =2;d 11 =3, 75 = 2. The solid lines are the results

analytical results agree well with the Monte Carlo sim-
ulation. Moreover, in order to show the influence of
the time delay parameter 71, the stationary probability
density functions of system (29) in resonant case are
shown in Fig. 9. It can be seen from the figure that the
time delay in the feedback control force can affect the
bifurcation of the system.

6 Conclusion

In the present paper, we consider a technique for pre-
dicting the quasi-integrable Hamiltonian system with
multi-time delays under combined Gaussian white
noise and Poisson white noise excitation, in which
the Gaussian white noise is independent of Poisson
white noise excitation. This technique can be viewed as
the generalization of the stochastic averaging method.

@ Springer
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from proposed method. The dotted line are the results from Monte
Carlo simulation. The other parameters are the same as those in
Fig. 7.

In order to get the response of the systems, two-
step approximations are applied. First of all, the time-
delayed system state variables are approximated by
using the variables without time delay. And the sys-
tem is transformed to the one with time delay as the
parameters. Then, the stochastic averaging method for
quasi-integrable Hamiltonian system with combined
Gaussian and Poisson white noise can be applied to
the transformed system. After the two-step approxima-
tion, the averaged SIDE and averaged GFPK equation
who governing the probability density of the system
response are obtained. The dimension of the original
system is reduced from 2n to lower dimension (nfor
non-resonant case and n + 8 for resonant case). In order
to show the application of the proposed method, two
examples are calculated, one for single degree oscilla-
tor, and the other for two degree oscillator. After solving
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the reduced averaged GFPK equations, the stationary
probability density functions are derived by using the
perturbation technique or finite difference method. The
results from Monte Carlo simulation are also calculated
to show the validity of the proposed method. In addi-
tion, the influences of the time delays on the response
of the system are also investigated.
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Appendix A

The coefficients of averaged GFPK equation for the
non-resonant case:

- 2 9H 31,
N P

zljlap/apl

31,
iopj

1nnng
220> oo

i=1 j=l k=1 p

- ME[YF] 27
v Z g / Avado, @7

k=2 =1
&

2
(27T @) /

ZZ Z dly, 31,2 s i |0

Aryr, (D) =

i=1 j=1 k=1 dpi 9
ME[YH]
+
Z Z @em™ Jo
k=2
D ArikgiArtor | d6, (48)
ki+ko=k
MEYF]

Arl T2yeeny rj (I) = Z Z (27T)n
=j

0

Z Aryskyit Aryikosl < -

ki+ko+-+kj=k

Arj ksl de, (49)

whereA,.x; = Ak (q,p) given in Ref. [23], T =
Ui, By 1217, 0 = (61,62, ..., 6,17 and [ []1de
[-1d61d6; - - - A6, denotes the n-fold

2 2w 21
._ 0 0 .[0

;mﬂigﬂzyl_th

Appendix B

The coefficients of averaged GFPK equation for reso-
nant case :

2 2 n
A € 0H 91
Ay (L) = ﬁf SN gy 2
2m) 0 = apj 8[),
n
+_ d
Z Z Oik Jka 8 01
lj 1 k=1
A "AIE[Y"]
ZZ Q2 TL’)" o "l;k;ldel
k=1 [=1
(50)
- 1 2 5
A 09 = 5o fo [o (<)
e X”: dH 8y,
= i ap, api
ij=
+_ Z Z OikO jk de,;
l] 1 k=1 81) 3P ):|
8 K\ ELY,
2’ ,,[,i]f Curkad0y 51)
k Vo (@m)
Ay (L)
; ./27[ 3 a1y 91y,
= —20i 0k |do
Q)" Jo l;; api apj kGjk 401
2. gk ETY}]
ZZ Z Afl:kl;lArz;kz;l de,
i CLOLRL B Vit
(52)
_ 6‘2 21
Arl,n+v1 (Ia \!f) = W /(;
“ al,, 0,
ZZ 3 . w.lalkajk de,
0=t k=1 P apj
u ”p k)\.lE[Yk f
+ Rl Z Aryiky1 Copikyt | d01
=2 1 7 (@m) ki tha=k
(53)
_ 82 2
An+v1,n+v2 (Ia 1") = W f
. 9
ZZO’: KOk 3%1 81/[1{2 de;
ij=1 k=1 Pi ODj
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)3 21 0= (D) + 55 (A (D) (60)
Copsk11 Cugskozt | 401 (54) ’ I 2912
k1+ko=k 9 ~ 1 82 _
3. _ I )
o 2 ok Er & 0= (A )+ 5o (4 @ 1) (61)

Anprary L =33 2220 2

k=3 I=1 0

Z Art Ayl Aryiiay | 401 (55)
k1 +ko+ka=k

A_rl ,F2,n+v] (I \l')

L Y [
_,;,Zl Q) f
Z Arat Aryidait Corst | 401 (56)
ky+ko+k3=k
P Pn—— )
e E[YR) 27
_,;; @)y [
Z Aryer st Coikast Conskst | 401 &)
k1+ko+kz=k
An+v1 n+vp,n+v3 (I ’l")

- "" uEYf [
> G

k=3 I=1

Z Cv1 ksl Cvz skosl Cv3 ksl de; (58)
ky+ky+ka=k

Py jog s NHV] o Vg (I "-l’)

B e MELYf] [
ZZ (27.[)" o [

A

k=j I=1
Z Arikpt + - Argkgt Copkgnnit -+ Coj_ikya | dO1
kitko+-+kj=k
(59)
s=0,...,j,j=4,...,u,rp=1,....mv;=1,..., 0.
where I = [I,....L1" v = [¥1,..., V] and
JELIder = [T I 2T []d61d6s - - - A6y is the

n — a-fold 1ntegra1 notation. The terms A,x; =
Arky (q, p) and Criy = Crpey (q, p) are given in Ref.
[24].

Appendix C

Substituting this solution (27) to Eq. (25) and collecting
the terms of same order of ¢, the equations that pg, p;

e 0=~ (24, () p2) + ;aa—;(e AP (1) p2)
3

“3rpm B+ g W (As(D)po)  (62)

where
_ 2D+ AE[Y?
AD 1y = 222 E
w
AE Y]

A(22) (I = ¢ and

4?
Ay ()= AV (1) + AP (1)

One can get po, p1, p2, - -. by solving Egs. (60)—(62)
step by step. And, the solution (27) can be obtained.
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